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Abstract 

For a positive self-similar Markov process, X, we construct a local time for the random 
set, G, of times where the process reaches its past supremum. Using this local time we 
describe an exit system for the excursions of X out of its past supremum. Next, we define 
and study the ladder process {R, H) associated to a positive self-similar Markov process 
X, viz. a bivariate Markov process with a scaling property whose coordinates are the right 
inverse of the local time of the random set G and the process X sampled on the local time 
scale. The process {R, H) is described in terms of ladder process associated to the Levy 
process associated to X via Lamperti's transformation. In the case where X never hits 
and the upward ladder height process is not arithmetic and has finite mean we prove the 
finite dimensional convergence of {R, H) as the starting point of X tends to 0. Finally, 
we use these results to provide an alternative proof to the weak convergence of X as the 
starting point tends to 0. Our approach allows us to address two issues that remained 
open in 0, namely to remove a redundant hypothesis and to provide a formula for the 
entrance law of X in the case where the underlying Levy process oscillates. 
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1 Introduction 



In recent years there has been a growing interest in the theory of positive self-similar Markov 
processes (pssMp). Recall that a pssMp X = {Xt,t > 0) is a right continuous left-limited 
positive-valued strong Markov process with the following scaling property. There exists an 
a ^ such that for any < c < oo, 

{(cX,,-v., t > 0) , P J {{Xt, t>0), , x>0. 

This class of processes has been introduced by Lamperti [20] in a seminal paper where, among 
other interesting results, he established a one to one relation between pssMp killed at and 
real-valued Levy processes. (Here we allow in the definition of a Levy process the additional 
possibility of being sent to a cemetery state after an independent and exponentially distributed 
time). 

Lamperti proved that any pssMp killed at is the exponential of a Levy process time 
changed by the right-continuous inverse of an additive functional. We will refer to this relation 
as Lamperti's transformation and we will describe it in more detail in Section [2l This relation 
allows one to embed the theory of Levy processes into that of pssMp. This embedding has 
proved to be a powerful tool in unravelling the asymptotic behaviour of pssMp (e.g. |13]), in 
establishing various interesting identities (e.g. [I2]) and in linking these processes with other 
areas of applied probability such as mathematical finance [29], continuous state branching 
processes [19], fragmentation theory [3], to name but a few. 

Never-the-less implementing the theory of Levy processes for such purposes has never been 
simple as the time change, which relates both classes together, destroys many of the convenient 
homogeneities that are to be found in theory of Levy processes. For example, it is known that a 
non-decreasing Levy process with finite mean grows linearly, owing to the law of large numbers, 
whilst a pssMp associated via Lamperti's transformation to such a Levy process, growths with 
a polynomial rate whose order is given by the index of self-similarity, see e.g. [1] and [25] . 

Our main objective in this paper is to shed light on fine properties for the paths of pssMp. 
Namely to establish a fluctuation theory, built from the fluctuation theory of Levy processes as 
well as classical excursion theory, see e.g. [2] and [18] for backgound. We will provide several 
new identities for pssMp and present an alternative approach to that proposed by [4], [5], and 
[8], for the existence of entrance laws for pssMp. The latter allows us to address the problem 
of establishing an identity for the entrance law at 0+ for pssMp associated via Lamperti's 
transformation to an oscillating Levy process. To present our results in more detail we need to 
introduce further notation and preliminary results. 

2 Preliminaries and main results 

Let D be the space of cadlag paths deflned on [0, cx)), with values in IR U A, where A is a 
cemetery state. Each path a; e D is such that Ut = A, for any t > mi{s > : Us = A} := C(^)- 
As usual we extend any function / : M ^ M to RUA by /(A) = 0. For each Borel set A we 
also define = mi{s > : Ug & A}, writing in particular for convenience <^o instead of qo}- 
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The space D is endowed with the Skohorod topology and its Borel a-field. We will denote by 
X the canonical process of the coordinates. Moreover, let P be a reference probability measure 
on D under which the process, ^, is a Levy process; we will denote by {Gt^t > 0), the complete 
filtration generated by ^. We will assume that the Levy process P) has an infinite 
Hfetime. Below, we will explain how to remove this hypothesis. 

Fix a G M\{0} and let (JPx,x > 0) be the laws of the 1/a-pssMp associated to (^, P) via 
the Lamperti representation. Formally, define 

At= [ exp{a^s}ds, t > 0, (2.1) 
Jo 

and let r(t) be its inverse, 

r(t) = inf{s >0: As>t}, 
with the usual convention, inf {0} = oo. For x > 0, we denote by P^, the law of the process 

2;exp{^^(i^.-a)}, t > 0. 

The Lamperti representation ensures that the laws (JPx,x > 0) are those of a pssMp in the 
filtration {jFj := Qr{t),t > 0} with index of self-similarity 1/a. It follows that Tq = inf{t > : 
Xt = 0} has the same law under IP^ as x°-Aoo under P with 

poo 

Aoo= exp{a^s}ds. 
Jo 

Our assumption that (^, P) has infinite lifetime implies that the random variable A^o is finite 
a.s. or infinite a.s. according as limf^oo ^6 = —oo, a.s. or lim sup^^o^ a^t = oo, a.s., see e.g. 
Theorem 1 in [6]. As a consequence, either {X,Wx) never hits a.s. or continuously hits in 
a finite time a.s., independently of the starting point x > 0. Specifically in the latter case, the 
process (X, P^.) does not jump to 0. Lamperti jSHI proved that all pssMp that do not jump to 
can be constructed this way. 

The assumption that (^, P) has infinite lifetime can be removed by killing the Levy pro- 
cess ^ at an independent and exponentially distributed time with some parameter g > and 
then applying the above explained transformation (Lamperti's transformation) to the resulting 
killed Levy process. Equivalently, one may kill the pssMp (X, P), associated via Lamperti's 
transformation to a Levy process (^,P), with infinite lifetime, by means of the multiplicative 
functional ^ 

exp I , t > 0. 

Using the Feymman-Kac formula to describe the infinitesimal generator of the latter process 
it is readily seen that both procedures lead to equivalent processes. Therefore, we do not lose 
generality by making the assumption that (^, P) has infinite lifetime, as all our results concern 
local properties of the process (X, P) or only make sense for pssMp that never hit 0. 

Our main purpose is to study the paths of a pssMp by decomposing them into the instants 
where it reaches its past-supremum. To this end, let {Mt,t > 0) be the past supremum of 
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X, Mt = sup{Xs,0 < s < t}, for < t < To, and define the process X reflected at its past 
supremum, 

M [Mt 



It is easy to verify, using either the scaling and Markov properties or Lamperti's transformation, 
that for t, s > 

Mt+s = ^* V M^^-}j , = XtX^^-., 

where M (respectively X) is a copy of M (respectively of X) which is independent of Tt- It 
follows that the process X refiected at its past supremum is not Markovian. Never-the-less, 
using standard arguments it is easily established that the process Z defined by 

Zt=f^,MiV 0<t<To, 



is a strong Markov process. Hence the random set of times 9 

Mi 



e= <jO<t<To:Zt= G{l}x 



is an homogeneous random set of X in the sense of [22], but it is not regenerative in general 
because of its dependence on the values of M. 

Our first aim is to describe the process X at the instants of time in 9 by means of the 
introduction of a local time. To do so we observe that because of Lamperti's transformation 
any element in G is the image under the time change r of some instant where the underlying 
Levy process reaches its past supremum. This suggests that the random set 9 can be described 
by means of the local time at of the underlying Levy process refiected at its past supremum. 
To make precise this idea we need to introduce further notions related to the fiuctuation theory 
of Levy processes. 

We recall that the process ^ refiected at its past supremum, ^ — ^ = (supg<j^s — Ct,t > 0), 
is a strong Markov process. Although all our results are true in general, for brevity we will 
hereafter assume that: 

is regular for ^ — ^ or equivalently that is regular for [0, oo) for the process ^. 

Under these assumptions it is known that there is a continuous local time at for ^ — ^, 
that as usual we will denote by L = (L^, s > 0), see e.g. Chapter IV in [2]. The instants where 
^ reaches its past supremum and the position of ^ at such times is described by the so-called 
upward ladder time and height processes for ^, (L7^,ht),t > 0, which are respectively defined 

by 

_^ J inf{s > : Ls > t}, t < 




Lj = and hj = 

oo, t> Loo 

It is known that the upward ladder process (T~^, h) is a bivariate Levy process with increasing 
coordinates and its characteristics can be described in terms of (^,P), see e.g. 12] Chapter VI. 
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The downward ladder time and height processes are defined analogously replacing ^ by its dual 
((^, P) := (— ^,P). We will assume that the downward and upward ladder time subordinators 
are normalized such that their respective Laplace exponents 0,0, satisfy 0(1) = 1 = 0(1). 

We recall that there exists a constant a > such that the inverse of the local time is given 

by 

L-^ = at + ^AL-\ t>0, (2.2) 

s<t 

and 

t 

l{?^-5,=o}ds = aLt, t > 0. 



It is known that a > if and only if is irregular for (— oo, 0) for ^. In that case the downward 
ladder time and height processes are compound Poisson processes with inter-arrival rate 1/a. 
To see this recall, from the many statements that make up the Wiener-Hopf factorization, that 

0(A)0(A) = A, A > 0, 

see e.g. [2] Section VI. 2. It follows that, 

a = lim ^ = lim — 



x^co A A^oo0(A) n£_i(0,oo)' 

where IIj.i denotes the Levy measure of Given that the downward ladder height subordi- 
nator h stays constant in the same intervals where does, the claim about the inter-arrival 
rate of h follows. 

We denote by {et,t > 0} the process of excursions of ^ from C,, viz. 



'^L- - U-^+s, 0<s<L;'- L;}, if L^' - L;} > 



It is well known that this process forms a Poisson point process on the space of real valued 
cadlag paths with lifetime ( and whose intensity measure will be denoted by n. This measure 
is the so-called excursion measure from for ^ — ^. We will denote by e the coordinate process 
under n. Under n the coordinate process has the strong Markov property and its semigroup is 
that of (^, P) killed at ?(-oo,o]) the first hitting time of (— cxd,0]. For A C M, we will denote by 
(^A the first hitting time of the set A for the Levy process ^. Next, let V be the measure over 
M+ defined by 

V{dy) = a5o{dy) + ^ l{e(s)ed,}ds^ , y>Q (2.3) 

and V(x) = a + n ^ l{e(s)<a.}dsj for x > 0. We recall that V(dx) equals the potential measure 
E ^ Jp°° gj^|dsj , of the downward ladder height subordinator h. This is due to the fact that 



oo 







E ' ' l{h,ed:r}'^'^ ) ^ ^ I / l{^(«)Gdx}ds ) OU X > 0, 
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see e.g. |2] exercise VI. 6. 5. Moreover, the potential measure E y ^{h^edx}^^) atom at 

if and only if li is a compound Poisson process. The latter happens if and only if is irregular 
for (—00,0) and regular for (0, oo), for ^, and then in that case the aformentioned atom is of 



size a. 

We introduce a new process 



_ at + ^ / exp{-a(^^-i - ^„)}ds, < t < L^o 

yt ■- s Jl^i " (2.4) 

oo, t > Lr 



-'oo • 



It will be proved in Lemma [2] that the process Y is well defined. Using the fact that the process 
(L~^, h, Y) is defined in terms of functionals of the excursions from of the process ^ refiected 
at it past supremum, standard arguments allow us to ensure that the former process is a three- 
dimensional Levy process whose coordinates are subordinators, and they are not independent 
because they have simultaneous jumps. 

We will denote by (^^, P^) the process obtained by conditioning ^ to stay positive. We refer 
to [11] and the references therein for further details on the construction of (^^,P^). We will 
denote by the law of reflected in its future infimum, (^/ — infs>(^J, t > 0). 

Given that the local time for ^ — ^ is an additive functional in the filtration Qt, the process 

Lt ■= Lr(t)j t >0 

is an additive functional in the filtration {J-'t,t > 0) where J-'t = Qr{t) for t > 0. Moreover, 
L grows only on the instants where the process X reaches its past supremum and thus a 
natural choice for the local time of 6 would be L. However, this additive functional can not be 
obtained as a limit of an occupation measure and does not keep track of the values visited by the 
supremum. It is for those reasons that we will instead consider the process L® = (-Lf,t > 0), 
defined by 

Lf = ! X,"dZ„ t > 0. (2.5) 

The latter is an additive functional of Z = {M/X, M) and it is carried by the set 9. Unusually 
however, the right continuous inverse of L® is not a subordinator on account of the fact that 
does not have the regenerative property as it depends in the position of the past supre- 
mum. Nevertheless, has several properties common to local times of regenerative sets as is 
demonstrated by the following result. 

Proposition 1 (Local time). The constant a, defined in 112. is such that 



/ l{Ms=Xs}(^s = aLf, t > 0. 
Jo 



Assume that the underlying Levy process ^ is such that is regular for (0, oo). The function V 
normalizes the occupation measure in the following way 

1 /"* 
lim / 1 r Af, 1 , _^^ ds = 



e- 



V(log(l + e)) Jo L X, I ' 'J 



t ' 
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uniformly over bounded intervals in t where convergence is taken in -probability and is inde- 
pendent of the point of issue x > 0. We will therefore refer to the process L® as the local time 
of the set 6. 

An elementary but interesting remark is the following. By making a change of variables we 
obtain that under Pi 

Jo 

where we recall that Tq = mi{t > : Xt = 0} . Note that L®^ is finite if and only if L^o < oo or 
Loo = oo and a < 0. The terminal value of the local time L® has the same law as the exponential 
functional of a subordinator stopped at an independent exponential time with some parameter 
q > 0, where the value g = is allowed to include the case where this random time is a.s. 
infinite. 

In the following result we establish that there is a kernel associated to L®, which we denote 
by N^, with x > being the initial value of the process of coordinates, so that {L®,N') form 
an exit system for analogous to the one introduced in [22] . 

Theorem 1. Suppose that F : x © ^ is a measurable function. Then for each x > 0, 
define the kernel by 



Let G be the set of left extrema of Q , Ds = 'mi{t > s : Zt E Q} for s > 0, and k. the killing 
operator. The exit formula 

holds for every positive, left- continuous and {J-'t,t > 0)-adapted process {Vt,t > 0). 

Remark 1. Observe that the kernel A^ (-) has the following scaling property: for c > 0, the 
image of N'{-), under the dilation {cXtc-'^,t > 0), equals c"iV'^ (-). 

We are now ready to define the ascending ladder height process associated to the pssMp 
X. The name arises from the analogous process appearing in the fiuctuation theory of Levy 
processes. 

Theorem 2 (Upward ladder process). Let {Rt,t > 0} be the right continuous inverse of L^, 
that is 

Rt = inf{s >0:Lf>t}, t > 0, 
Hf := Xji^, t > 0, and Kf := J^^ X~°ds, t > 0. The following properties hold 

(i) The process {K, R, H) has the same law under as the process 

L-\ / e"^^-dr„ xe^'] , t > 
i(o,t] / 

time changed by the inverse of the additive functional (x° e°^=ds, t > 0), under P. 
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(a) The process {R, H) is a Feller process in [0, oo) x (0, oo) and has the following scaling 
property: for every c > 0, {{c" Rtc-a , cHtc-a) ,t>0) issued from {xi,X2) G has the 
same law as {R,H) issued from (c^Xi, 0X2). 

We observe that Theorem [2] implies directly the following corollary. 
Corollary 1. Let {R,H) be as in the previous theorem. 

(i) The process R is an increasing self-similar process with index 1. It is not a Markov 
process. Although, if X has no positive jumps then R has independent increments. 

(a) The process H is the 1/a-increasing self-similar Markov process which is obtained as the 
Lamperti transform of the upward ladder height subordinator {hj, t > 0} associated to the 
Levy process ^. 

Remark 2. It is important to mention that it is possible to state the analogues of Proposition [T] 
and Theorems [H and [2] for the past infimum and X reflected in its infumum, = info<s<tXs, 
t > 0, {lt,Xt/lt), t > 0. These are easily deduced from our results using the elementary fact 
that X has the same law as 1/X^~"\ where X*^"") denotes the pssMp with self-similarity index 
l/(— a), which is obtained by applying Lamperti's transformation to ^ := — ^. We omit the 
details. 

Similarly to fluctuation theory of Levy processes, the process (i?, H) is in general a simpler 
mathematical object to manipulate since its coordinates are increasing processes and provide 
information about X at its running supremum. 

Next, we will explain how the process {R, H) can be used to provide an alternative approach 
to those methods proposed by [1], [5], and [8] with regard to establishing the existence of 
entrance laws for pssMp. Working with the process (i?, H) has the advantage that it allows us 
to give an explanation of the necessary and sufficient conditions for the existence of entrance 
laws and in doing so we are able to remove an extra assumption in the main Theorem of [Hj as 
well as establish a general formula for the entrance law at for X, thereby answering an open 
question from [H|. 

Assume hereafter that a > 0. In the paper [20] Lamperti remarked that the Feller property 
at may fail for some pssMp and raised the question of providing necessary and sufficient 
conditions for the process X to be a Feller process in [0, 00). For pssMp that hit in a finite 
time this problem has been solved in whole generality by Rivero [26], [27] and Fitzsimmons [I^. 
Besides, it is known that for pssMp that never hit the state 0, the latter question is equivalent to 
studying the existence of entrance laws. This task, as well as the proof of the weak convergence 
of (X, Wx) as X tends to zero, in the sense of finite dimensional distributions or in the sense 
of the weak convergence with respect to the Skorohod topology, has been carried by Bertoin, 
Caballero, Chaumont and Yor in [4], [5], and [8]. To explain their and our results we will 
assume hereafter that the pssMp X is such that limsup^^o^Xt = 00 a.s. which is equivalent 
to assume that the underlying Levy process ^ is such that limsupj^g^^t = cxd. In the case 
that the process {h^, s > 0} is not arithmetic, they provide necessary and sufficient conditions 
for the process X to be Feller on [0, 00) and to have weak convergence with respect to the 
Skorohod topology as the starting point tends to 0. These conditions are that E(hi) < 00 and 
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E (log"*" (/o'*^'°°' e"^^ds)) < oo. One of the main contributions of this paper is that we will prove 
that in fact the sole condition E(hi) < oo is necessary and sufficient for the latter convergence 
to hold. 

Our first key observation in this direction is to remark that Lamperti's question regarding 
the Feller nature of pssMp on [0, oo) is equally applicable to the process {R,H). The purpose 
of the next Theorem is to provide an answer to this question. The result can be seen as an 
extension for the ladder process {R,H) of the main result in [4]. 

Theorem 3. Ifh is not arithmetic and yU+ = E(hi) < oo then for every t > the bivariate 
measure JP^ {Rt € ds, Ht € dy) converges weakly as x 0+ to a measure that we will denote by 
WQj^^{Rt G ds, Ht G dy) in M^, which is such that for any measurable function F : — >■ ]R_|_, 

where Jh = e~'^^''ds and I is the weak limit of 6'°"^^ J^^^^ e°'^^-dYs, as t ^ co. Furthermore, 

I has the same law as exp{—a^l}ds. Finally, the process {{Rt,Ht),t > 0} converges in the 
sense of finite dimensional distributions as the starting point of X tends to 0. 

It is implicit in Theorem [3] that J is a non-degenerate random variable. 

In Corollary [2] we will represent the resolvent of X in terms of {R, H) and then use the 
former theorem to prove the finite dimensional convergence of the process X as the starting 
point tends to 0+, and to obtain the formula for the entrance law at 0+ for X in the following 
result. Weak convergence with respect to the Skorohod topology will be then obtained by a 
tightness argument. 

Theorem 4. Assume that ^ is not arithmetic and that /i+ = E(hi) < oo. Then converges 
weakly with respect to the Skorohod topology, as the starting point x tends to 0+, towards a 
probability measure Po+ • The process ((X, P^^), x > 0) is a strong Markov process and the one 
dimensional law of X under Po+ is determined by 

IEo+(/TO) = f[-^)-vidxl (2.6) 

where rj is the measure defined by 

7]{f) = I P(7g dt)V(dx) ( r e-"«"du G ds] f (e"" (t + s)) , 
J^l \Jo J 

and x~^?7 (dx) = 1. 

Roughly speaking, our approach to proving Theorem [4] relies on the idea that we need first 
to prove the convergence of its ladder height process. 

Remark 3. In [8|, it has been proved that if IE (log'*' /q"'^'°°' exp^^ ds) = oo then (IP^) converges 
weakly toward the degenerated process X. = 0. Under conditions of Theorem [H the weak limit 
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is not degenerated therefore a simple argument by contradiction show that, within the context 
of Theorem m it necessarily holds that IE (log^ exp ds) < oo. Note also that the 
conditions of Theorem 01 i.e. that ^ is not arithmetic and E(hi) < oo are equivalent to the 
following: 



^ is not arithmetic and 



either < E(^i) < E(|^i|) < oo, 

or E(|^i|) < oo, E(^i) = and J < oo. 



f xtt(x, oo) dx 
where J = t^x Too — ; ^ — and vr is the Levy measure of 4, see [8J section 2.1. 

J[i,oo) ^ + Jo dy Jy vr(-oo, -z) dz 

Remark 4. When E(hi) < oo and ^ drifts to +oo, i.e. E(,^i) > 0, an expression for the 
entrance law under Po+ has already been obtained by Bertoin and Yor [5j. More precisely, for 
every t > and measurable function / : IR'*' — > IR"*", we have 

IEo+(/ra) = ^^E(/-V((t//)^/°)). (2.7) 



In this case and under some mild technical conditions on ^ which can be found in ^Oj, the 
formula (12.61) can be recovered using pathwise arguments as follows: Let m be the unique time 
when ^ reaches its overall minimum. It is well known(cf. [23l HUI) that (^t, < t < m) and 
{it+m — ^m,t > 0) are independent and the latter process has the same law as ^ conditioned 
to stay positive. Moreover, from Lemma 8 of [Hj, the law of the pre-minimum process is 
characterized by 

E -im.^<t<m))=k V(dx) Pi (if (6, < t < C)) , 

where k is the killing rate of the subordinator h and is the law of the Levy process ^ starting 
from X and conditioned to hit continuously. Then, we write 

/oo / I'm POO \ 

From this identity we obtain that for any measurable function g : IR'*' IR"*", 

E{g{I))=kj^^ P{I^edr)j^ V(dx) P;^ (^^^e'^^^ds G dw^ c/(e"^(r + m)), 

where = e~"'^^"'+''^"'^ds = e~"^'^ds. Taking g{x) = {aE{^i)y^ f{x~^^°')x"^ , it gives 

^e(/-/((i//)"")) 

It follows from Theorem 5 in [10] that the law of the canonical process killed at its first hitting 
time of 0, <^o, under Pj. equals that of the process ^ issued from x and conditioned to hit 
continuously under P^. Finally, we use the fact that E(,^i) = KE(hi), which is a simple 
consequence of the Wiener-Hopf factorization (see e.g. [I5] Corollary 4.4) to recover formula 
(1231 ) in Theorem H 
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The rest of this paper is organized as follows. Section [3] is mainly devoted to prove Proposi- 
tion [T] and Theorem [TJ In proving Proposition [T] we will use that the local time at of a Levy 
process reflected in its past supremum can be approximated by an occupation time functional. 
This result is of interest in itself and, to the best of our knowledge this can not be found in the 
literature, so we have included a proof. Next we use the excursion theory for Levy processes 
reflected in its past supremum to establish Theorem [H The main purpose of Section [4] is to 
prove Theorem [2l To this end we will establish an elementary but key Lemma that allows us 
to describe the time change appearing in Lamperti's transformation in terms of the excursions 
of the process ^ out of its past supremum. In Section 14.11 we describe the g-resolvent of X in 
terms of the ladder process (i?, which will be useful in the proof of the convergence results. 
As an application of these results, in Section [5] we will prove Theorems [3] and [H 



3 Proofs of Proposition [T] and Theorem [T] 

The proof of Proposition [T] needs the following analogous result for Levy processes which is of 
interest in itself. 

Lemma 1. Let ^ be a Levy process for which is regular for (0, oo). Then 

1 r^^' 

\im— — / IrT . .ds = tALoo, 
^io Vie) Jo ^'^ ^ 

uniformly over bounded intervals oft in the L'^-norm. Furthermore, 

1 /•* 

lim^^ — / IfT , ^ ,ds = Lt, 

=io Vie) Jo ^'^"^ 

uniformly over bounded intervals in probability. 

Proof. In the case where V(0) = a > 0, we know that 

ft 

l{l.-6=o}ds = aLt, t > 0. 

Using this fact it is readily seen that the claims are true. So we can restrict ourselves to the 
case a = 0. The proof of the flrst assertion in this Lemma follows the basic steps of the proof 
of this result for Levy processes with no negative jumps due to Duquesne and Le Gall [I^. 

Let A/" be a Poisson random measure on R+ x ©(R_,_, M) with intensity dt x n(de). For every 
t > 0, put 

•= <T7T / ■ ^{«<*} / l{[o,£)}(e(s))ds. 

Vie) J Jo 



It follows that 



EiMt)) = J^n (^^^ l{[o,e)}(e(s))ds) = t 
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where the second equality follows from the definition of V{e). Furthermore, 

E (( J,(t))^) = (E + -^^n lw.).[o,e)}d.) 

the latter equality can be verified using that for each e > 0, the process {Je(t), t > 0) 
is a subordinator whose Levy measure is the image measure of n under the mapping e i— 
V{e)~^ l{[o,£)}(e(s))ds, and thus the second moment is obtained by differentiating twice the 
Laplace transform and using the Levy-Khintchine formula. The right most term in the latter 
identity can be estimated as follows 

n\{ I l{,(s)e[o,e)}ds^ \ = 2fi ( f l{e(s)e[o,£)}l{e(t)G[o,£)}dsdt 

'o / y \Jo<s<t<( 

2n{ I l{,(5)g[o,e)} E_,(^) ( y l{5(()g(_e^o]}dt 1 ds 

?(0,oo) 



< 2V{e) sup E_y / l{g(i)g(_,,o]}dt 

2^G[0,e) \Jo 

where we have used the Markov property for excursions in the second equality. By Theorem 
VI.20 in [2] it is known that there exists a constant, say k, such that fory<e 

^-yi I l{«We(-e,o]}dn = / V{dz)[ V(dx)l(_,,o] (-1/ + ^ - a;) 

= k [ V{dz) [ V(da;)l[o,,)(x + y-z) 

JlO,y) J[0,oo) 

<kV[0,y)V[0,e) 
< kV{e)V[0,e) 
= oiV{e)), 

where the second inequality follows from the fact that V{z) < V{e), < z < e, and the fifth 
from the fact that V[0, e) — > as e — ^ 0+, because is regular for (0, oo) (which implies that 
the upward subordinator is not a compound Poisson process and so that its renewal measure 
V does not have an atom at 0). It therefore follows that 

n l|,(,),[o,,)}d.^ j = o ((V(^))') . (3.1) 

These estimates allow us to ensure that 

limE((J,(t)-tf)=0. 

Moreover, thanks to the fact that {Je{t) — t,t > 0) is a martingale, we can apply Doob's 
inequality to deduce that 



limE sup{Je{s) -sY ] = 0. 



s<t 
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The first assertion of the Theorem follows since the pair 



1 



V{e) Jo 

has the same law as {Je(t /\v),v) where v = mi{t > : Af{0, t] x {( = 00} > 1}. 

Now to prove the second assertion we fix t > 0, let ei,6 > and take T > large enough 
such that P(Lt > T) < £i/3. It follows using the inequalities L^] > s > L^]_ that 

1 



P I sup 

s<t 



V{e) Jo 



> 5 



< P I sup 

s<t 



1 



V{e) Jo 



L7' 



>6/2,Lt<T 



P sup 



1 



< P I sup 



s<t V{e) Jl 
1 



Vie) Jo 



> 5/2 



+ P sup 



du > 5V(£)/2 +ei/3. 



(3.2) 



It follows from the first assertion in Lemma [U that e can be chosen so that the first term in the 
right hand side in the inequality (13.2p is smaller than ei/3. Moreover, as the random objects 



L7^ 



s > 0, 



are the values of the points in a Poisson point process in IR+ whose intensity measure is the 
image of n under the mapping e 1-^ l{e(u)<£}dM, it follows that 

L7' 



sup J^ ^ l^-^^_^^^^^ydu > SVie)/2 J = 1 - exp <j -Trl ^ l{eiu)<e}du > 5Vie)/2 



From the Markov inequality and (I3.ip we have also that 



(3.3) 



n 



C ^ \ 4 _ 

lMu)<e}du > 6V{e)/2j < 



-{eiu)<e} 



du 



0(1), as £ ^ 0. 



It follows then that by taking e small enough the right hand term in equation (13. 3p can be 
made smaller than ei/3. Which finishes the proof of the second claim. □ 

Proof of Proposition d To prove the first claim we recall that the constant a is such that 



L{|^-5,=o}ds = aLt, t > 0. 
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Hence, by making a time change we get that for every t > 

-T{t/X°') 



Jo Jo 

J(0,T(t/x°')] J(0,t] 



(3.4) 



e 

t ; 



under IP^ ■ Now to prove the second claim we observe first that, as in the proof of Lemma [H 
we can restrict ourselves to the case where a = 0. 

For notational convenience, and without loss of generality thanks to the self similarity of X, 
we will assume that X is issued from 1. By applying Lamperti's transformation and making a 
time change we obtain the elementary inequalities 



1 



V(log(l +£))(! + £) 

1 



rit) 



< 



< 



V(log(l + £)) 
1 

V(log(l + £)) Jo 
1 



1 r- T p"^=Hs 



r(t) 



r(t) 



V(log(l + £)) Jo 
Let 6,t > fixed. We infer the following inequalities 

1 



■^{«s-6e[0,log(l+e))}^ 

-^{€.-6e[o,iog(i+e))}^ 



(3.5) 



Pi I sup 

r<t 



< P 



V(l0g(l+£)) Jo 



l{M^6[i,i+^)}dM - 



> 5 



V(log(l + £))io 



l{^^_^,e[o,iog{i+.))}e"^^ds - L® > 6, for some r < t 



1 



;i + 5)"V(iog(i + £)) Jo 



r(r) 



l{L-6e[o,iog(i+e))}e"^^ds > 6, for some r < t 



(3.6) 



Next we will prove that the probability in the first term on the right hand side tends to as 
£ — s> 0. The arguments used to prove that the second one tends to are similar so we omit 
them. Consider the event 



A= { sup 

5<T 



1 



V(log(l+£)) 



~€^G[o,iog(i+£))}d" L, 



< 5i,T{t) < T, (2e°«^ - 1) < 6/6i 



for 6i,e,T > 0. From Lemma [H and standard arguments it follows that 6i,T and e can be 
chosen so that the probability of the event A is arbitrarily close to 1. By integrating by parts 
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twice, we have that on A 



g"?r(r) ^ 



r{r) 



< e°«-f)(L,(,) +5,)- [ L,de°«» + (5i(e"«^ - 1) 

J(0,r(r)] 



'(0,r(r)] 

for every r < t. It follows that on A 



1 r 

C,,, I, ^ / l{f.e[i,i+.)}d^ - < ^, for every r < t, 
V(log(l + e)) Jo L -^^ ' ' 'J 



which finishes the proof of our claim. □ 

Proof of Theorem [21 Thanks to self-similarity we can suppose without loss of generality that 
X = 1. Recall that e denotes the typical excursion of the Markov process ^ — ^. For s > 0, let 
ds = mf{t > s : C,t = First of all, observe that the left extrema, G, (respectively, right 
extrema, Dg) of the homogeneus random set 6 are related to the left extrema, g, (respectively, 
right extrema, dg) of the regenerative set {t > : C,t — = 0}, by the relation G = Ag for 
some g, (respectively Dq = Adg for the corresponding dg). Using this fact and Lamperti's 
transformation we obtain 



lEi VgF (^Mg, Mna, ( ^ ° ° 

= E ( 5^ K4,F (e«^ e^^e-^^^-^'*^), (exp{(| - Or(A,+u)}, 0<u<A,g-Ag)^ 

= E Va^F (^e«^ (^e««e-^(^«\ exp |e (^r, (w/e^^f)) } , < u < e"?f Af^^)) o 9g^ , 

where we denote by = j^e'^^'^U u, t > and the inverse of A^''\ By the compensation 
formula from the excursion theory of Markov processes we deduce that the right hand side in 
the latter equation equals 
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Finally, using again Lamperti's transformation and the fact that has as support the homo- 
geneous random set 9, we get that the previous expectation is equal to 

E 





which finishes the proof. □ 



4 Proof of Theorem [2 

The following Lemma will be helpful throughout the sequel. Recall that the process A was 
defined in CT . 

Lemma 2. The following equality holds P-a.s. 

A^-i = [ exp{ah,_}dn, t > 0. (4.1) 

where we recall that Yt := at + X]M<t /o " "~ 6xp{a(^^_,_^-i — ^^-i)}ds, t > 0. The process 
{L~^ ,h,Y) is a Levy process with increasing coordinates and, when a > 0, E(Yi) < oo. 

Proof of Lemma\^ Indeed, it follows by decomposing the interval [0, L^^] into the excursion 
intervals that 

Aj^-i = / exp{a^s}ds 
* Jo 

= / exp{a^Jl|| _^^_ojds + / exp{a^Jds 
-^0 ' u<t -^L-l 

f^t^ < -1 f^^^-^u- 

= a exp{<4dL, + > e exp{a(4+^-i - ^^-i )}ds 

= a exp{<^-.i}dM+ > e -/ exp{a(4+^-i - ^^-i )}ds 

^0 Jo 



'0 u<t 



>a exp{a^^-i}dM + e " / exp{a(4^^-i - ^^-Ojds. 

^0 Jo 



u<t 

On account of the fact that for t > 0, Aj^~i < oo a.s. we infer that 



V/ exp{«(4^^-i -^^-i)}ds < oo, a.s. 

u<t J^ 
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It follows that the subordinator Y is well defined. The former calculations and the fact that 
has countably many discontinuities imply that 



^Lri=«/ exp{<^-i}du+ > e exp{a(^,+i-i - ^^-i )}ds 



exp a^^-idYg. 

m 

The fact that {L^^,h,Y) has independent and stationary increments is a consequence of the 
fact that these processes can be explicitly constructed in terms of the Poisson point process of 
excursions of ^ from its past supremum. To prove that when a > 0, Y has finite mean we use 
the compensation formula for Poisson point processes 



\u<t 

= at + E^y ^ (^J exp{— ae(s)}ds^ dii^ 



\ t 

e~^yV{dy) = -—- < oo, 

/ 0h(") 

where the third and fourth identities follow from the definition of V in f l2.3p and the fact that 
this is the potential measure of the downward ladder height subordinator, h, whose Laplace 
exponent is given by □ 

Proof of TheoremlE On account of self-similarity we may prove the result under the assumption 
that Xq = 1. We denote by the time change induced by Lamperti's transformation when 
applied to the ladder height subordinator h, 

rh(t) = inf |s > : y e^^^du > t| , t > 0. 

By making a change of variables in the definition of the process L® we observe the relation 

Lf = / exp{ahjds, t > 0. 



So that its right continuous inverse is given by Rt = A^~i , t > 0. From Lemma [21 it has the 
property that its increments are given by 



Rt+s - Rt= exp{ah„_}dy„ 

7(Th(t),Th({t+s))] 

= z°' exp{ah„_}dK, z = exp{h^^(t)} 

J(0.T^(S/Z")] 



H^Rs/H^ , 
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where h„ = K+n^it) - Ki,(t), Yu = ^«+rh(t) - KhW' gi^^^n that Th{t) is a stopping time in the 
filtration TCv '■= cr{(L~^, h^, < m < v}, f > 0, it follows that the process i? is a copy of 
R issued from and independent of 'Hr^(t). 

On account of the fact that H is obtained by time changing X, which is a strong Markov 
process, by the right continuous inverse of the additive functional L®, it follows by standard 
arguments that if is a strong Markov process. Hence the couple (i?, H) is a Markov process 
and the process H is l/a-self-similar. 

Define Bu^t = /q -f^7"ds. Then we have the following equalities 

BH,t = I X7"dLf = / dZ, = Zr„ t > 0, 

J{0,Rt] J{0,Rt] 

where we recall that Lt = Lr^t)- Denote by CH,t,t > the inverse of the functional -B//,.. We 
obtain from our previous calculations that 

BH,t = Lr{A .1 ) = rh(t), CH,t = [ e"^»ds, Rc„ ^ = A^-i t > 0. 
^hW Jo 

These relations allow us to ensure that the process obtained by time changing the process 
\og{H./ Hq) by Ch is the process h^ = ii-^.i > 0. We recall that because of Lamperti's trans- 
formation ^ 

T{t) = ^ X7"ds, = t{r,) = t > 0. 

Hence the representation obtained in Lemma [2] allows us to ensure that {K, R, H) time changed 
by the inverse of Ch,- equals | {L^^ , /^^ e^^^-dF,, e''*) , t > o| . 

To prove that the process (i?, H) is a Feller process in [0, oo) x (0, oo), we observe first that 
for t, s > 

e*^-^'*' - n,(t)) < Rt+s -Rt< e'-'^(*+=' (n,(t+.) - K,(t)) 

Ht+s - Ht = e^-h{*) (e^>('+»)-^'-h{*) - l) 

where Xq = x = Hq. Besides, by construction is a continuous functional, and thus if (t„)n>o 
is a convergent sequence of positive reals with limit t then the sequence of stopping times 
(Th(in))„>o converges a.s. to rh(t) . So, the latter inequalities together with the right-continuity 
and quasi-left continuity of the Levy process (h, Y), see e.g. Proposition 1.7 in [2] imply that if 
tn ^ t or tn I t then 

{Rt„,HtJ >iRt,Ht), Pi -a.s. 

n— >oo 

Hence, the Feller property is a simple consequence of these facts and the scaling property. □ 

Remark 5. For further generality we can chose to time change X with the right continuous 
inverse of the additive functional 

Lf^^:= TxfdZ,, t>0, 
Jo 
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for some P E M\{0}, fixed. In that case, we have that the process {K^'^\ R^f^\ H^^'^), defined 

by 



Rf^ := inf{s > : Lf'^ > t}, K^^ := / X^^ds, iff ^ := t > 0, 

Jo * 

has the same law under IP^ as the process 

time changed by the inverse of the additive functional (x^ e^'^'ds, t > 0), under P. In this 
case, the process {R^'^\ H^^^^) has the following scaling property. For every c > 0, 

((c"<^.c<i),<>0) 

issued from (xi,X2) G has the same law as {R^^\ H^l^^) issued from (c°'xi,cx2). The proof 
of these facts follows along the same lines of the proof of Theorem El 

4.1 The resolvent of X 

The main purpose of this subsection is to establish a formula for the resolvent of X in terms 
of the ladder process {R, H). This result will be very helpful in the proof of Theorem [H 

Corollary 2. Let dy) be the kernel defined by 

Then the q-resolvent of X, Vq, satisfies 

VJ{x) = IE, 

for any measurable function f : IR+ IR+ and x > 0. 

Proof of CorollarylM The proof is a consequence of Proposition [H Theorem [H the identity 



(poo N 
e"''fiXt)dt 

- IE, (^^~ e-^n{x.=AMf{Xs)ds^ (4.2) 



(with the notation of Theorem [T]) and that L®^ = J^°° e°'^''ds under P, since Loo is the lifetime 
of h. □ 
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Observe that for g = 0, the kernel kq becomes 

Ko{z, f) = az^'fiz) +n( f z'^e-^^'^f [ze'^'^As)] = [ (;ze"^)°/(2e-^)V(dy), 

\Jo J J[0,oo[ 

where the second identity is a consequence of (I2.3P . Recall that H time changed by the inverse 
of Jq H~"'ds, t > 0, is equal to e^. As a consecuence we obtain that the 0-resolvent for X is 
given by the formula 

Vofix) = [[ x"e"(^-^^)/(a;e^-")V(dz)V(dy), 

J [0,00) X [0,00) 

where V{dy) denotes the renewal measure for h, that is to say 

V{dy) = E ^ °° l{h(t)edy}dt^ , y>0. 

5 Applications to entrance laws and weak convergence 

We will assume hereafter that a > and X is such that lim sup^^^o^ = 00 a.s. which is 
equivalent to assume that, for the underlying Levy process ^, it holds that lim sup^.^^^ = 00, 
a.s. 

Lemma 3. For every t > 0, the following equality in law holds, 
((hi - h(i„,)„, 0<s<t), e-"^*A^-i) 

I (h„ < s < t) , [ e-"^'-dn + y"(e-"^^" - l)e"^"- AY; 
V -^(O'*] u<t J 



(d) 



(5.1) 



Furthermore, if a > and E(hi) < 00 then the stochastic process 

Wt := / e-^'^^-dy, + V(e-"^^" - l)e-°^"-Ay;, 

u<t 

converges a.s., as t ^ 00, to a random variable I satisfying 

/ := / exp{—ahs}dYs_ = / exp{— a^Jjds. 
Jo Jo 

Proof. We start by proving the time reversal property described in (15. ip . On the one hand the 
duality Lemma for Levy processes implies that for t > 

((h, - h(i.,)_, - o<s<t)^^ ((h„ Ys),o<s<t). 
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It follows, making a change of variables of the form t — u together with the above identity in 
law, that 



e 



J(0,t] J(0,t] 



I 



-^(0.*] u<t 

A similar identity for general Levy processes can be found in [2T]. Observe that the process T 
defined by Tt = Yt + X]s<t(^~"^^° " l)A^s) t > is a Levy process and for any t > 0, 

To finish the proof of the convergence of Wt, we should verify that, when a > and E(hi) < cxd, 
the right hand side of the above equality converges a.s. Thanks to the assumption that E(hi) < 
oo, according to Theorem 2.1 and Remark 2.2 in [2T] it suffices to verify that E(log^(Ti)) < oo. 
Indeed, given that Ti < Yi a.s. it follows from Lemma[2]that under our assumptions E(Fi) < oo 
and thus E(log"^(Fi)) < oo which in turn implies that E(log'''(Ti)) < oo. 

Finally the identity in law between / and /^^ exp{— a^Jjds, follows from the Doney-Tanaka 
path construction of the process conditioned to stay positive. Roughly speaking, the latter 
allows us to construct the process by pasting, at the level of the last supremum, the excursions 
of ^ from its past supremum, refiected and time reversed. More precisely, for t > 0, let 

gt = sup{s < t : - = 0}, dt = inf{s > t : - = 0}, 

^ |(?-eW..-*)~, iid,-9,>0 ^^^^ 
\0 ifdt-gt = Oi 

The process {TZt,t > 0}, under P has the same law as (^1^,P^). See [15] Section 8.5.1 for a 
proof of this result. Taking account of the Doney-Tanaka construction, we may proceed as in 
the proof of Lemma [2] and obtain that 

POO 

/ exp{-a{]}ds 
Jo 

/ exp{-a0jl{rf^=g4ds + J2 exp{-a(^rf^ + - 

Jo ~ Jot 



'0 

(d) '■^ 



tec 



where G denotes the left extrema of the excursion intervals of ^ from ^. We recall that gs,ds, 
remain constant along the excursion intervals, that dg = L^^, Qs = L^l^, and that ds = Qs if 
and only if s belongs to the interior of the random set of points where S, — takes the value 0. 
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Using these facts we obtain the following identities 

/■oo 

/ exp{-a^J}ds 
Jo 

/ exp{-aejlfc=?jds + J2 I, {^W^ + - O^-i+^-i.,) } ds 

= a I exp{-Q;^JdL, + "^^t"' j ^ exp |-a (^^^-i - } ds 

= a / exp{-a^ JdL, + " ^t"' / exp |-a (^^^-i - | dw 

Jo Jo 
/■oo 

= / exp{-a|r-i}drt. 
Jo 

To conclude we should justify that 

roc /■oo 

/ exp{-a^r-i}dyt = / exp{-a^.-i}dFt_, P -a.s. 
Jo ''Jo 

Indeed, we have that for every s > 

/ exp{-a^^-i}dYt= I exp{-a^^-i}dYt_ + (Ys-Y,_)e 

J(0.s] * J(O.s) 



Furthermore, the last term on the right hand side above tends to as s growths to infinity, P-a.s. 
because Ys and ^^-i have linear growth, which in turn is thanks to the hypothesis E(hi) < oo, 
and the fact E(Fi) < oo (which was established in Lemma [2|). The identity follows. □ 

Proof of Theoreml^ Our objective will be achieved in three main steps. Firstly, we will prove 
that the resolvent of {R, H) under has a non-degenerate limit as a; 0. Secondly, we 
will deduce the finite dimensional convergence, using an argument that follows along the lines 
of Bertoin and Yor's proof of the finite dimensional convergence of a pssMp as the starting 
point tends to 0. (Our argument is essentially a rewording of those in the three paragraphs 
following the second display on page 396 of [5] . We include the arguments here for sake of 
completeness.) We recall that the identity in law between / and exp{— a^Jjds, has been 
proved in Lemma [3l So, to finish we will prove the formula in Theorem [3] for the limit law of 
J?, H under as x ^ 0. 

Ste-p 1. Observe that by construction the process (i?, H) issued from (i?o = V^Hq = x) has the 
same law as {R + y, H) issued from {Rq = 0,Ho = x). We denote by V^^'^, q > the g-resolvent 
of the process {R, H), viz for continuous and bounded / : IR+, 



\/^'^/(y, x) := IE. (^^" e-^'fiy + R^, Ht)dt^ , (5.2) 

where we recall that by construction Rq = 0, P.-a.s. As this operator is clearly continuous in 
y we can assume without loss of generality that y = 0. We will prove that V^'^ f{0, x) has a 
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non-degenerate limit as x ^ + . Recall that under IP^ the process {{Rt, Ht)t>o) is equal in 
law to the process 



E 



'x"Ar-i ,xe^n>(*/-"'),t > 0) , under P. 
We will need the following identity for / : — > measurable, 

(POO N 
e-'^'fiRt,Ht)dt 

= E exp |-ga;"e°^* ^ e-^^-duj a;"e°^7(a;"e"^Wt, a;e^')dt 

(POO ( PTI,{U/X°') ^ 

/ exp <^ -gx°e"''-h("/--) / e-'^'^^-ds W (x"e"^-h("/--) xe^n.("/-")) dw 

(5.3) 

where in the first equality we made the change of variables u = Th(t), in the second we applied 
Fubini's theorem, in the third we used the time inversion property obtained in Lemma [3] (note 
also that the process W was defined in Lemma [3]) and finally in the fourth we used Fubini's 
theorem again and applied the change of variables t = Th(u). 

Next we note that a consequence of Lemma [3] is that under our assumptions the pair 
(^rh(s),/o'^'^*^^~°^'"^^) converges a.s. to (7,4), as s — s> oo. The fact that h is non-arithmetic 
and E(hi) < oo imply that Htt~^^" converges weakly to a non-degenerated random variable Z, 
by the main Theorem in [4]. Using these results we deduce that 







under P . Thus, if / : M+ is a continuous and bounded function then equation (I5.3p and 

Fatou's Lemma imply that 

(POO \ POO ^ 

j dte-'^^f{Rt,Ht)] > J E(exp{-gtZ"/h}/(tZ"/,t^/"Z))dt. 

Furthermore, let M = sup ^y-^ ^^2_ f{y, z) and f'^{z,y) = M — f{z,y) and apply the latter 
estimate to to get that 

limsuplE, / e-'''fiRt,Ht)dt) 

q 3,^0+ Vio / 

= lim inf IE, (^^ e~'^'r{Rt, Ht)d?j 

POO ^ 

> / E(exp{-gtZ°/h}/'(tZ"/,t^/"Z))dt 
Jo 

POO /"OO 

/ E(exp{-gtZ"Jh})dt- / E(exp{-gtZ"Jh}/(tZ"J, ti/"Z))dt. 
Jo Jo 



coo 

M 
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We have thus proved the inequalities 

E(exp{-gtZ"/h}/(tZ"J, f/"Z))dt 

< hminf IE, (^^ e-'^'f{Rt, Ht)dt^ 

< limsupIE, ( [ e~'''f{Rt,Ht)dt] 

^-^ g ff J l""'^')) r°° ~ 

< — ^L^+ / E(exp{-gtZ"/h}/(tZ°/,ti/"Z))dt 

Q Jo 

Next, we need to verify that 

E((Z"4)^') = 1. (5.4) 
To this end, observe the following duality identity. 



e"^* E ^exp I -gx°e"''^.(*/-") ^ 



e-"^^-ds y 1 dt 



''^E I exp < -Ax"e"^^.(*/-") / e'^^^-ds \ \ dt, 



(5.5) 







valid for A, g > 0. The proof of this identity uses the same arguments as that in (15. 3p . Taking 
X — >^ and using the dominated convergence theorem we deduce from 05.51) that 



oo 

-At ■ 



/■oo 

/ e-'?*E(exp{-AZ°/ht})dt (5.6) 
Jo 



E 



1 



for g, A > 0. We may now let q tend to 0+ and apply the monotone convergence theorem to 
obtain the claimed equality. 

The latter facts and a change of variables lead to 

(/■oo \ /■oo ^ 

j e-'^'fiRt,Ht)j = J E(exp{-gtZ"/h}/(tZ°/,t^/"Z))dt 



We have thus proved the convergence of the resolvent of {R, H) under as x — 0. 
Step 2. We define for / : M+ measurable 

Vf'^'fiy, 0) = £m IE, (^^~ e-'^'fiy + Rt, Ht)d?j 



(5.7) 
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Let Co be the space of continuous functions on with limit at infinity. Observe that for 
every t > 0, the stopping time Th{tx~") tends to oo (resp. to 0) as a; — *• (resp. to oo) and 
that tends to oo (resp. to 0) as s ^ oo, (resp. s ^ 0). Moreover, given that 

Au/u > 1, Th{u)/u > 1 and L'^^ /u > a, 

P-almost surely, it follows that 



x'^A^-i > a, 

P-a.s. Using these facts and the results in Theorem [2] (i), we deduce that for every function 
/ G Co, the function x, ?/ i— > lE^^ {f{y + Rt, Ht)) has a limit at infinity. Now, applying the 
result in Theorem [2] (ii) it follows that the operator V^'^ maps Co into Co, and furthermore the 
resolvent equation holds on Cq. It follows from (15.41) . (15.71) and the Feller property in Theorem [2] 
that for f E Co, qV^'^ converges pointwise to / as g — oo. By the discussion in page 83 in 
[2l] it follows that this implies the uniform convergence of qV^'^ f towards / as g — *^ oo for 
f E Cq. Now we invoke the Hille-Yoshida theory to deduce that associated to the resolvent 
family qV^'^ there is a unique strongly continuous Markovian semi-group on Cq. The finite 
dimensional convergence follows. 

Step 3. We will next establish the formula for the entrance law for {R,H). On the one hand, 
by the scaling property of {R, H) the weak convergence of the one dimensional law of (i?, H) 
as the starting point of X tends to 0, is equivalent to the weak convergence of {t~^Rt,t~^^"Ht) 
as t — s> oo, under Pi, as t — oo. Moreover, using the self-similarity and Feller properties of 
{R, H) and arguing as in Sections 5.2 to 5.4 of [9], one may show that the process 

OUi := (e-*i?e*-i, e-*/"ffe*-i), t > 

is an homogeneous Markov process which, under our assumptions, has a unique invariant mea- 
sure. On the other hand, it has been proved in [28] that for any c > 0, the measure defined for 
/ : Mi M+ positive and measurable by 




is an entrance law for the process {R,H). It readily follows that this measure, taking s = 1, is 
an invariant measure for the process OU. Furthermore, the constant c can be chosen so that 
the measure defined above is a probability measure. This follows as a consequence of the fact 
that under our assumptions, E(Jj^^) = < oo; see e.g. [4] and [5]. Therefore, we conclude 
that _ _ 

^ ^ (4 ' 4) ^ ^ (4 ' ^4 
for every positive and measurable function /. This implies in particular that 

1 



E(Z-°|4,/) ^ 

Which finishes the proof of Theorem [3l □ 
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5.1 Proof of Theorem [4]: finite dimensional convergence 



We will prove this result in two main steps, first of all we will prove the convergence in the 
finite dimensional sense and then in Section [5^ we will prove that the convergence holds in the 
Skorohod's sense. 

As in the proof of Theorem [3l the most important tool to prove convergence of finite dimen- 
sional distributions is to establish the convergence of the resolvent of X as x tends to 0. One 
may then appeal to reasoning along the lines the proof of Theorem 1 in [5] (see also the second 
step in the proof of our Theorem [3]). Note that, whilst Bertoin and Yor [5] require that the 
underlying Levy process drifts to oo, we may circumvent the use of this condition as we are 
able to write the resolvent of X in terms of the process {R,H). We omit the details. We will 
finish the proof by establishing the formula for the entrance law. 

First of all we recall that in Corollary [2] we established that the g-resolvent of X is given by 

POO 

VJix)= m4Hre-'i''^K,{HtJ))dt, (5.8) 

^0 

for every / : M+ R+ measurable and bounded. It follows that for g > 0, 

IE. ^ e-«^'i/,-"s(^i, =K x>0. (5.9) 

To prove the convergence of the resolvent Vg it will be useful to know that the mapping x 

1), for X > 0, defines a decreasing, continuous and bounded function. Indeed for every 

re > 

x-°Kg(x, 1) = a + (qx^y^n (l - exp j-gx" e-"'('Ms|^ 
= a + ^ dyn (^j^ e-^'^'Ms > e-''^"^'. 

Given that for a > 

lini ^^ii^ = a + n( ["^ e-'^^'Ms) = £(^0 < oo, 

x^0+ X°' \Jq J 

the claim follows. The previous limit together with the dominated convergence theorem imply 
that if / : M+ ^ M is a continuous and bounded function then so is x t— > x~"Kq{x, /), for x > 0. 
So, Theorem [3] implies that if / is a continuous and bounded function, then 

hm IE. {e-^''^Hr'^,{HtJ)) = lE^f (e-'^^'i/^'^.l^t, /)) • 
This limit result together with Fatou's Lemma imply that 

POO 

liminf yj(x) > / IE£_^ {e-'^^^Hi''K,{Ht, /)) dt. (5.10) 



26 



To determine the upper limit of Vgf we first claim that 

r°° 1 

/ lE£.^(e-^«'ifr%(^t,l))dt = -. (5.11) 
Jo Q 

To see why the above claim is true, note that Po+(-Rt ^ ds, Ht G dy) is an entrance law for the 
semigroup of the self-similar Markov process {R, H) and hence for any e > 

/■oo 

/ lE£.^(e-''«*ffr%(^*,l))dt 

^0 

= r^E^f {e-''^^HrK,iHt,l))dt 
Jo 

+ I "S^ofiRe e du, G dx) r IE, (e-<?("+^')i/r°'«.(^t, 1)) dt 

-'R+x(0,oo) Jo 

< E{Y,) f (e-«*^0 dt+- W.^f (e-'^^O 

Jo 1 

< EiY^)e + ^ JEj^f (e"'?^^^) , (5.12) 

where the first inequality comes from (15. 9^ and the fact that x~"Kg(x, 1) < E(Fi) < oo, 
Vx > 0. The identity (15. lip is obtained by taking e — ^> 0+ in (15.121) and combining the 
resulting inequality together with an analogous lower bound which can be obtained in a similar 
way. 

By applying the inequality (15.10p to the function /'^(x) = snp^^Q f{z) — /(x), x > 0, and 
using the latter identity we obtain that 

POO 

limsup\/J(x) < / 1E£.^ (e-«^'ifr°S(^t'/)) dt- (5.13) 

a:^^0+ Jo 

We have therefore proved that for every continuous and bounded function / : M_|_ IR+, 

POO 

VJiO) := lim VJ{x) = / ]E^f (e-««'iJr°S(^*, /)) dt, (5.14) 
and, in particular, 

Vgl{0) = ^. (5.15) 
To finish this part of the proof we will now describe V^/(0). Using the self-similarity of {R, H), 

Ft H 

making a change of variables and from the identity for the law of (i?i. Hi) under Pq.}. obtained 
in Theorem m we obtain that 

= a / lEoY (exp {-qt^RiHr} H^^Kgit, /)) - (5.16) 
Jo t 

27 



Next, we observe that the kernel Kq can be represented as 



Kq{zJ-) = /(ze-^)(ze-^)°Ei |^exp j-g^" e-°«Mu|^ V(dx), (5.17) 

where we recall is the law of the process ^ conditioned to stay positive, reflected at its future 
infimum, and <^o denotes its first hitting time of 0. Indeed, this is an easy consequence of the 
fact that the image under time reversal of n is the excursion measure, say n\ of the process 
of excursions of from its future infimum (see for example Lemma 4 of p^), that under ri' 
the coordinate process has the Markov property with semi-group P} f{x) = EJ. {f{Xt),t < ^q) , 
t > 0; and the formula (EH). 

Hence, using identity (15.171) . the former limit and making some elementary manipulations 
we obtain that 

VJ{0) 

= ^E(re-'-%(„./)*) 

" ^""V(0 E (^e-"'"^"'^) Ei (^exp |-g/"e"" e-"«Mu|^ V(dx)d/ 
^ e-«'°^r7(da;)^ d/ 



/■oo 



where rj is the sigma finite measure defined by 



r]{f) = f Pi ( r e-"«"du G ds 1 / (e"^ (t + s)) P(/ G dt)V(da;). 

Note that on account of (I5.15P we also have that Jj^^ x'^rjidx) = 1. To complete the proof we 
invert the Laplace transform in (I5.18P and recover that the entrance law of X under Po+ is 
given by 

lEo+(/(X,))= / /(t^/"x-i/")x-^r/(da;). 



5.2 Proof of the weak convergence in Theorem [4] 

In Theorems [3] and SI we proved the convergence in the sense of finite dimensional distributions 
for {R, H) and X under W^, as x | 0. As a consequence, we deduce the following corollary which 
corresponds to the last part of the statement of Theorem [4] and which was already obtained in 
[8] under the additional hypothesis E (log''" /o^*^'°°' sxp.^^ ds) < oo. 

Corollary 3. Under the conditions of Theorem ^ the family of probability measures (IP^) 
converges weakly toward Po+ (^s x tends to 0. 
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Proof. Fix a sequence (a;„)„>i of positive real numbers which converges to 0. Recall from 
Theorem m that the sequence of probability measures (JPx„) converges to Po+ in the sense of 
finite dimensional distributions as n ^ oo. We will first prove that the sequence (IP^^) actually 
converges weakly on D([0, 1]). 

To this aim, we apply Theorem 15.4 of [7]. First since X has Po+-a.s. no fixed discontinuities, 
the condition Po+(-^i- = Xi) = 1 is satisfied. Then for < 5 < 1, define 

Wi6) = sup mm{\Xt - Xt,\, \Xt, - | } , 

where the supremum extends over ti, t and t2 in [0, 1] satisfying 

ti < t < t2 , and t2 —ti < 6 . 

From Theorem 15.4 of [7], it remains to prove that for all e > and x > 0, there exist < 6 < 1 
and an integer uq such that for all n > uq 

]P,„{W{S)>e)<x- (5.19) 

Let 7, 5 G (0, 1) such that 5 < 7 and note that for ti, t and ^2 in [0, 1] satisfying ti < t < ^2 
and t2 — ti < 6, if ti G [0,7) then min{|X( — X^J, {Xt^ — Xt\} < supQ<^<27^t- Hence 

Wi5)< sup Xt + snpmm{\Xt-Xt,\,\Xt,-Xt\}, 

0<t<27 

where the supremum extends over ti, t and ^2 in [7, 1] satisfying ti < t < t2 and ^2 — ti < S. 
The second term on the right hand side of the above inequality is smaller than W{6) o 9j, so 
that 

W{5) < sup Xt + W{5) o . (5.20) 

0<i<27 

From ( 15.20p and the Markov property one has for all n > 1 and for all 6, 7 as above, 

lPxAW{S) >e)< ( sup Xt > e/2] + 1E,„ (Px,(W^(5) > e/2)) . (5.21) 

\0<t<27 / 

To deal with the first term in (|5.2ip . we pick u > and we write: 

( sup Xt > e/2) = ( sup Xt > 6/2, < 27 ) + P,„ ( sup Xt > e/2, R^ > 27 

\0<t<27 / V0<t<27 / V0<t<27 

< P,„ {Ru < 27) + P,„ {H^ > e/2) . 

From Theorem [31 ]Px„{Ru G ds, Hu G dy) converges weakly to Po+(-Ru G ds, Hu G dy), as n 
tends to 00, hence lim„Pj;„(i?„ < 27) = Po+(-R« < 27) and lim„P3;„(if„ > e/2) = ]Po+{Hu > 
e/2), (without loss of generality we can make sure that 27 and e/2 are points of continuity of 
the distribution functions of Hu and Ru respectively under Po+)- Moreover since Hq = 0, Po+ 
a.s., we have lim„|o IPo+(-f^M > £^/2) = 0, so we may find m > and an integer rii such that for 
all n > rii, W^^i^Hu > e/2) < x/4. Then since Ru > 0, Po+-a.s., we may find 7 G (0, 1) and an 
integer n2 such that for all n> n2, Px„ {Ru < 27) < x/4- 
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Next we deal with the second term in (I5.2ip . From Theorem [H JPx„ {X^ G dz) converges 
weakly towards Wo+{X^ e dz) as n tends to oo. Moreover, we may easily check, using Lam- 
perti representation and general properties of Levy processes, that x i— > ^2^(1^(5) > e/2) is 
continuous on (0, oo). Since Po+(-^7 = 0) = 0, we have \imn-,oo^x„(JPx^(}V{6) > s/2)) = 
]Eo+{^x-,{W{S) > e/2)). For all x > 0, lim^io W{S) = 0, P^-a.s. (see pages 110 and 119 of [7j) 
so that from dominated convergence, lim^^o IEo+(IPx^(W^('^) > ^/2)) = 0. Then, we may find 
rz3 and S such that for all n > ng, ]E^^(JPx-,{W{S) > e/2)) < x/2. 

We conclude that (I5.19p is satisfied with 6 and Uq = max(ni, n2, ng), so that the sequence 
(Pxn) restricted to D([0, 1]) converges weakly to Po+- Then it follows from the same arguments 
that the sequence (JPx„) restricted to D([0,t]) converges weakly to Po+, for each t > 0. Finally 
it remains to apply Theorem 16.7 of ^ to conclude that (lPs„) converges weakly to Po+ on 
D([0,oo)). □ 



References 

[1] J. Bertoin. Sur la decomposition de la trajectoire d'un processus de Levy spectralement 
positif en son infimum. Ann. Inst. H. Poincare Probab. Statist., 27(4):537-547, 1991. 

[2] J. Bertoin. Levy processes, volume 121 of Cambridge Tracts in Mathematics. Cambridge 
University Press, Cambridge, 1996. 

[3] J. Bertoin. Random fragmentation and coagulation processes, volume 102 of Cambridge 
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2006. 

[4] J. Bertoin and M.-E. Caballero. Entrance from 0+ for increasing semi-stable Markov 
processes. Bernoulli, 8(2):195-205, 2002. 

[5] J. Bertoin and M. Yor. The entrance laws of self-similar Markov processes and exponential 
functionals of Levy processes. Potential Anal., 17(4):389-400, 2002. 

[6] J. Bertoin and M. Yor. Exponential functionals of Levy processes. Probab. Surv., 2:191-212 
(electronic), 2005. 

[7] P. Billingsley. Convergence of probability measures. Wiley Series in Probability and Statis- 
tics: Probability and Statistics. John Wiley &; Sons Inc., New York, second edition, 1999. 
A Wiley-Interscience Publication. 

[8] M. E. Caballero and L. Chaumont. Weak convergence of positive self-similar Markov 
processes and overshoots of Levy processes. Ann. Probab., 34(3):1012-1034, 2006. 

[9] P. Carmona, F. Petit, and M. Yor. On the distribution and asymptotic results for ex- 
ponential functionals of Levy processes. In Exponential functionals and principal values 
related to Brownian motion, Bibl. Rev. Mat. Iberoamericana, pages 73-130. Rev. Mat. 
Iberoamericana, Madrid, 1997. 

[10] L. Chaumont. Conditionings and path decompositions for Levy processes. Stochastic 
Process. AppL, 64(l):39-54, 1996. 



30 



[11] L. Chaumont and R. A. Doney. On Levy processes conditioned to stay positive. Electron. 
J. Probab., 10:no. 28, 948-961 (electronic), 2005. 

[12] L. Chaumont, A. E. Kyprianou, and J. C. Pardo. Some explicit identities associated with 
positive self-similar Markov processes. Stochastic Process. AppL, 2008. To appear. 

[13] L. Chaumont and J. C. Pardo. The lower envelope of positive self-similar Markov processes. 
Electron. J. Probab., ll:no. 49, 1321-1341 (electronic), 2006. 

[14] L. Chaumont and V. Rivero. On some transformations between positive self-similar Markov 
processes. Stochastic Processes Appl, 117(12):1889-1909, 2007. 

[15] R. A. Doney. Fluctuation theory for Levy processes, volume 1897 of Lecture Notes in 
Mathematics. Springer, Berlin, 2007. Lectures from the 35th Summer School on Probability 
Theory held in Saint-Flour, July 6-23, 2005, 

[16] T. Duquesne and J.-F. Le Gall. Random trees, Levy processes and spatial branching 
processes. Asterisque, (281):vi+147, 2002. 

[17] P. J. Fitzsimmons. On the existence of recurrent extensions of self-similar Markov pro- 
cesses. Electron. Comm. Probab., 11:230-241 (electronic), 2006. 

[18] A. E. Kyprianou. Introductory lectures on fluctuations of Levy processes with applications. 
Springer- Verlag, Berlin, 2006. 

[19] A. E. Kyprianou and M. Pardo. Continuous state branching processes and self-similarity. 
In revision. Department of Mathematics, University of Bath, 2008. 

[20] J. Lamperti. Semi-stable Markov processes. I. Z. Wahrscheinlichkeitstheorie und Verw. 
Gebiete, 22:205-225, 1972. 

[21] A. Lindner and R. Mailer. Levy integrals and the stationarity of generalised Ornstein- 
Uhlenbeck processes. Stochastic Process. AppL, 115(10):1701-1722, 2005. 

[22] B. Maisonneuve. Exit systems. Ann. Probability, 3(3):399-411, 1975. 

[23] P. W. Millar. Zero-one laws and the minimum of a Markov process. Trans. Amer. Math. 
Soc, 226:365-391, 1977. 

[24] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of 
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat- 
ical Sciences]. Springer- Verlag, Berlin, third edition, 1999. 

[25] V. Rivero. A law of iterated logarithm for increasing self-similar Markov processes. Stoch. 
Stoch. Rep., 75(6):443-472, 2003. 

[26] V. Rivero. Recurrent extensions of self-similar Markov processes and Cramer's condition. 
Bernoulli, ll(3):471-509, 2005. 

[27] V. Rivero. Recurrent extensions of self-similar Markov processes and Cramer's condition. 
II. Bernoulli, 13(4):1053-1070, 2007. 



31 



[28] V. Rivero. A note on entrance laws for positive self-similar Markov processes. Work in 
progress, Centro de Investigaci6n en Matematicas A.C., 2008. 

[29] M. Yor. Exponential functionals of Brownian motion and related processes. Springer 
Finance. Springer- Verlag, Berlin, 2001. 



32 



